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Abstract
Sixty years ago, S. B. Myers and N. E. Steenrod (Ann. of Math. 40 (1939), 400-416)
showed that the isometry group of a Riemannian manifold without boundary has a
struture of Lie group. Reently A. V. Bagaev and N. I. Zhukova (Siberian Math. J.
48 (2007), 579-592) proved the same result for a Riemannian orbifold. In this paper, we
rstly show that the isometry group of a Riemannian manifold M with boundary has
dimension at most
1
2
dim M (dim M − 1). Then we ompletely lassify suh Rieman-
nian manifolds with boundary that their isometry groups attain the preeding maximal
dimension.
Mathematics Subject Classification: Primary 53C99; Seondary 57S15.
Key Words and Phrases: Riemannian manifold with boundary, isometry, rotationally
symmetri metri, prinipal orbit.
1 Introduction
Let M be a onneted smooth Riemannian manifold with or without boundary. A priori,
there exists two denitions of isometry on M. The rst one is given above as we think M
of as a metri spae. The seond is dened to be a dieomorphism of M onto itself whih
preserves the metri tensor. In ase of Riemannian manifolds without boundary, these two
denitions are equivalent aording to Myers and Steenrod [8℄ in 1939 (see also pp. 169-172
in Kobayashi-Nomizu [6℄ for a proof). Moreover, Myers and Steenrod [8℄ proved the follow-
ing result on the isometry group of a Riemannian manifold without boundary.
Fact 1.1. Let M be a onneted smooth Riemannian manifold without boundary. Then
the isometry group I(M) is a Lie transformation group with respet to the ompat-
open topology. For eah x ∈ M, the isotropy subgroup Ix(M) is ompat. If M is
ompat, I(M) is also ompat.
S. Kobayashi (see p. 15 and p. 41 in [5℄) gave a dierent proof to Fat 1.1 by the
onept of G-struture from the original one by Myers-Steenrod. Furthermore Kobayashi
proved that there exists a natural embedding of the isometry group I(M) into the orthonor-
mal frame bundle O(M) of M suh that I(M) beomes a losed submanifold of O(M). It
†
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is this submanifold struture that makes I(M) into a Lie transformation group. Following
this idea, he further proved
Fact 1.2. (see pp. 46-47 in [5℄) Let M be an n-dimensional onneted Riemannian
manifold without boundary. Then the isometry group I(M) has dimension at most
(n + 1)n/2. If dim I(M) = n(n + 1)/2, then M is isometri to one of the following
spaes of onstant setional urvature:
(a) An n-dimensional Eulidean spae Rn.
(b) An n-dimensional unit sphere Sn = {x ∈ Rn+1 : |x| = 1} in Rn+1.
() An n-dimensional projetive spae RPn = Sn/{±1}.
(d) An n-dimensional, simply onneted hyperboli spae Hn of onstant setional ur-
vature −1.
As long as the isometry group of a Riemannian orbifold is onerned, quite reently, A.
V. Bagaev and N. I. Zhukova [1℄ showed the same result as Fats 1.1-2. They generalized the
idea of Kobayashi to their setting by using the orthonormal frame bundle of a Riemannian
orbifold. In this paper we onsider a speial lass of orbifolds | manifolds with boundary.
We rstly observe that the dimension of the isometry group I(M) of a Riemannian manifold
M with boundary does not exeed 12 dim M (dim M−1). Then we lassify suh Riemannian
manifolds M with boundary that the isometry groups I(M) attain the preeding maximal
dimension. We divide the lengthy lassiation list into three parts: Theorems 1.1-3, due
to that their proofs will use dierent ideas. The notations in Fat 1.2 will be used in the
following theorems.
Theorem 1.1 Let M be an n-dimensional ompat, onneted smooth Riemannian
manifold with boundary and n ≥ 2. Suppose that the isometry group I(M) is of di-
mension n(n−1)/2. Then M is dieomorphi to either of the following four manifolds :
the losed n-dimensional unit ball Dn = {x ∈ Rn : |x| ≤ 1} in Rn, the two ylinder-like
manifolds Sn−1× [0, 1] and RPn−1× [0, 1], and the manifold RPn\U onstruted from
RPn with an n-dimensional open disk U ⊂ RPn removed, where the losure U in RPn
is dieomorphi to Dn. Furthermore, we an haraterize the metri tensor gM of M
as follows :
(1) If M is dieomorphi to Bn, then the metri gM of M is rotionally symmetri with
respet to a unique interior point O of M. That is, gM an be expressed by gM =
dt2 + ϕ2(t)gSn−1 , where gSn−1 is the standard metri on the unit sphere S
n−1 ⊂ Rn
and the funtion ϕ : (0, R]→ (0, ∞) is smooth, ϕ(0) = 0, and
ϕ(even)(0) = 0, _ϕ(0) = 1.
(2) If M is dieomorphi to Sn−1 × [0, 1], then the metri gM an be expressed by
dt2+ f2(t)gSn−1 , where T is a positive number and f is a positive smooth funtion on
[−T/2, T/2]. The similar statement holds for M dieomorphi to RPn−1× [0, 1].
(3) Suppose that M is dieomorphi to RPn\U. Then we an nd a Riemannian
manifold M ′ = Sn × [−T/2, T/2] endowed with the metri dt2 + f2(t)gSn−1 , where
f : [−T/2, T/2] → (0, ∞) is an even smooth funtion, and an involutive isometry β
of M ′ dened by β(x, t) = (−x, −t) suh that M is the quotient spae of M ′ by the
2
group {1, β}.
Theorem 1.2 Let M be a nonompat onneted Riemannian manifold with boundary
∂M and of dimension n ≥ 2 suh that dim I(M) = n(n− 1)/2 and ∂M has at least one
ompat omponent. Then M is dieomorphi to either Sn−1× [0, 1) or RPn−1× [0, 1).
In the former ase, the metri gM of M an be expressed by dt
2 + f2(t)gSn−1 , where
f : [0, T) → (0, ∞) is a smooth funtion and T is a positive number or ∞. Moreover
M is omplete if and only if T =∞. The similar statement holds for the latter ase.
Theorem 1.3 Let M be a onneted Riemannian manifold with nonompat boundary
∂M and of dimension n ≥ 2 suh that dim I(M) = n(n − 1)/2. Denote by Hk, k ≥ 2,
the k-dimensional omplete simple onneted Riemannian spae of onstant setional
urvature −1. Then M is dieomorphi to either Rn−1× [0, 1] or Rn−1× [0, 1). Fur-
thermore, we an haraterize the metri tensor gM of M as follows :
(1) If M is dieomorphi to Rn−1 × [0, 1], then there exists a positive number T and
a smooth funtion f : [0, T ] → (0, ∞) suh that the metri tensor gM on M an be
expressed by gM = dt
2+ f2(t)gRn−1 or gM = dt
2+ f2(t)gHn−1 with t ∈ [0, T ]. Of ourse,
we identify H1 with R1. The metri gM in this ase is always omplete.
(2) If M is dieomorphi to Rn−1× [0, 1), then there exists a number T ∈ (0, ∞] and
a smooth funtion f : [0, T) → (0, ∞) suh that the metri tensor gM on M an be
expressed by gM = dt
2+ f2(t)gRn−1 or gM = dt
2+ f2(t)gHn−1 with t ∈ [0, T). Moreover,
the metri gM is omplete if and only if T =∞.
This paper is organized as follows. In setion 2, we prove the fat that the two denitions
of isometry oinide on Riemannian manifolds with boundary (see Proposition 2.1). It seems
that Bagaev-Zhukova [1℄ did not mention this fat in their setting of Riemannian orbifolds.
The idea of making redution to the boundary in the proof of Proposition 2.1 will be used
many times afterwards. In this setion we also show the above mentioned observation that
the isometry group I(M) of a Riemannian manifoldM with boundary is a Lie transformation
group of dimension at most
1
2
dim M (dim M−1) (see Theorem 2.1). Although our proof of
the observation is based on the idea of Proposition 2.1, to avoid the troublesome argument
of point set topology, we also use the result in Bagaev-Zhukova [1℄ that I(M) has a Lie
group struture. In setions 3 through 5, we use the metri geometry and the theory of
transformation group to prove Theorems 1.1 through 1.3.
2 Some properties of isometry group
In the following setions we always let M be an n-dimensional onneted, smooth Rieman-
nian manifold with boundary and n ≥ 2. With the indued metri from M, the boundary
∂M of M is an (n−1)-dimensional Riemannian manifold without boundary. Note that ∂M
has at most ountable onneted omponents. Consider a dieomorphism φ ofM onto itself
whih preserves the metri tensor. If p is an interior point of M, then φ maps p to another
interior point, say q, and the dierential map Dφ at p indues an orthogonal transform
from the tangent spae at p to the one at q. If u is a point on the boundary ∂M, then the
3
tangent spae TuM at u should be thought of as the upper half spae
{x = (x1, x2, · · · , xn) ∈ R
n : xn ≥ 0}
of the Eulidean spae Rn. That is,
TuM = Tu(∂M) + {λnu : λ ≥ 0},
where nu is the inner unit normal vetor at u. Sine φ maps u to another point v on ∂M,
the dierential map Dφ at u maps nu to nv, and maps Tu(∂M) orthogonally onto Tv(∂M).
Hene, in this sense, we may also all that the dierential map Dφ at u is an orthogonal
transform from TuM onto TvM. Hene φ leaves the boundary ∂M invariant and indues an
isometry of ∂M. Remember that by Myers-Steenrod [8℄ the two denitions of isometry on
∂M are equivalent.
Let d(·, ·) be the distane funtion on M indued by the metri tensor of M and ψ a
bijetion on M whih preserves d(·, ·). Sine ψ is a homeomorphism of M onto itself, its
restritions to the boundary ∂M is a homeomorhism onto itself, so is the restrition to the
interior of M. In fat, we have a stronger property about ψ in the following
Proposition 2.1. A distane-preserving bijetion ψ of M is a dieomorphism whih
preserves the metri tensor of M. That is, the two denitions of isometry of M are
equivalent.
Proof. We rstly onsider the property of ψ near a point p of in the interior Int(M) of
M. There exists an open neighborhood U ⊂ Int(M) of p suh that the restrition ψ|U of
ψ to U is a distane-preserving map onto the open neighborhood V = ψ(U) ⊂ Int(M) of
q = ψ(p). Sine the two denitions of isometry for Riemannian manifolds without boundary
are equivalent (see pp. 169-172 in Kobayashi-Nomizu [6℄ for a proof), ψ|U : U → V is a
dieomorphism preserving the metri tensor. Hene, ψ|
Int(M) : Int(M) → Int(M) is also a
dieomorphism preserving the metri tensor. It suÆes to prove that for eah point p ∈ ∂M,
ψ is smooth near p and Dψ at p is an orthogonal transform from TpM onto TqM, where
q = ψ(p) ∈ ∂M. We divide the proof into two steps.
Step 1 Remember that np denotes the inner unit normal vetor at p. Choose >
.
0 so
small that the geodesi γ(p, t) := expp (tnp), t ∈ [0, ℄
.
, satises
d
(
γ(p, t), ∂M) = d
(
γ(p, t), γ(p, 0)
)
= t. (1)
Sine the geodesi emanating from eah point with this property is unique, the image ψ ◦γ
of γ under the isometry ψ is also a geodesi perpendiular to the boundary ∂M at the
initial point q. Atually, we will see later that the dierential Dψ at p maps np to nq. In
∂M, we hoose a small open neighborhood V ⊂ ∂M of p suh that for eah point p ′ ∈ V
the geodesi γ(p
′, t), t ∈ [0, /
.
2], satises (1). Then the map γ(·, t) : p ′ 7→ γ(p ′, t) gives a
dieomorphism of V onto a hypersurfae Vt in Int(M) for eah t ∈ (0, /
.
2]. We an dene
the similar map from the neighborhood ψ(V) ⊂ ∂M of q and denote the map also by γ(·, t).
We observe that
ψ ◦ γ(·, t) = γ(·, t) ◦ψ
holds for eah p ∈ V and eah t ∈ [0, δ/2] so that γ(ψ(V), t) = ψ(Vt). Hene the map ψ|V
an be thought of as the omposition of three dieomorphisms,
ψ|V(·) =
(
γ(·, t)
)−1
◦ψ ◦ γ(·, t).
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So ψ|V is a dieomorphism of V onto ψ(V). Sine ψ|Vt is an isometry of Vt onto ψ(Vt) for
eah 0 < t ≤ /
.
2, letting t→ 0, we an see that ψ|V is a one-to-one distane-preserving map
of V onto ψ(V). Sine the two denitions of isometry for Riemannian manifolds without
boundary are equivalent, ψ|V is a dieomorphism onto ψ(V) preserving the metri tensor.
Step 2 By Step 1 and its preeding argument, we an take a small open neighborhood
U ⊂ M of p suh that the exponential map expp at p is a dieomorphism from some
neighborhood
~U of 0 in TpM onto U. Remember that the partial derivative of ψ exists
at the diretion of the inner unit normal np, and equals nq. That is, the dierential
map Dψ at eah p in U ∩ ∂M is an orthogonal transform from TpM to Tψ(p)M. Sine
ψ is a homeomorphism, we may assume that ψ(U) is ontained in a normal oordinate
neighborhood of q. Sine both expp and expq are loal dieomorphisms, the equality
ψ ◦ expp = expq◦(Dψ(p))
in
~U, whih gives that ψ|U is dieomorphism onto ψ(U). 
The above proof essentially follows the idea in pp. 169-172 of Kobayashi-Nomizu [6℄. We
repeat it here beause its idea and notations will be used many times later. The following
lemma is elementary and useful, but its proof is omitted.
Lemma 2.1. Let φ be an isometry of M. If φ has a xed point p ∈ M and the
dierential Dφ at p is the identity map of TpM, then φ is the identity map of M.
Proposition 2.2. (1) Let φ be an isometry of M. Then the restrition φ|∂M to the
boundary ∂M is an isometry of ∂M. Moreover, if φ leaves eah point of a omponent
B of ∂M xed, then φ is the identity map of M.
(2) Let φ be an element in the identity omponent I0(M) of the isometry group of M.
The restrition φ|B to a onneted omponent B of ∂M is an element in the identity
omponent I0(B) of the isometry group of B. This map
ι : I0(M)→ I0(B), φ 7→ φ|B
gives a ontinuous monomorphism with the image losed in I0(B). That is, ι is a
regular embedding of the Lie group I0(M) into the Lie group I0(B).
Proof.
(1) The rst statement have been shown in the proof of Proposition 2.1. If eah point p of
a omponent B of ∂M is xed by φ, then the dierential Dφ at p is the identity map of
TpM. By Lemma 2.1 φ is the identity map of M.
(2) Given a point p in a onneted omponent B of ∂M, we laim that eah element φ in
I0(M) maps p to a point in B. Otherwise, we assume that φ(p) lies in another omponent
B ′ distint from B. Choosing a path {φt} in I
0(M) with φ0 = idM and φ1 = φ, we obtain a
path {φt(p)} onneting p and φ(p). Sine eah dieomorphism of M maps ∂M onto ∂M,
we nd that the path {φt} lies on ∂M and reah a ontradition. By the proof of Proposition
2.1, we know that φ|B is an isometry of B, whih is atually an element of I
0(B). Moreover,
if φ|B is the identity map of B, then by (1) φ is the identity map of M. Thus, the map
ι : I0(M)→ I0(B), φ 7→ φ|B gives a ontinuous monomorphism of I0(M) into I0(B).
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Finally we need to show that the image of I0(M) under ι is losed in I0(B) with respet
to the ompat-open topology. We divide the proof into two steps.
Step 1 We show that for a sequene {φn} of isometries in I0(M) suh that
φn|B→ idB in I0(B),
there holds φn→ idM in I0(M). By Fat 1.1, I0(B) has the struture of a Lie group, whose
topology from its smooth struture oinides with the ompat-open topology. We may
assume that φn|B→ idB in the C1 topology of I0(B). That is, φn onverges to the identity
map idK in the sense of the C
1
norm in eah ompat neighborhood K in the topologial
spae B. Then, by using the normal oordinate harts with respet to eah point in K (see
the last three lines of the proof of Proposition 2.1), we nd that there exists a ompat
neighborhood K of M suh that K ⊂ K and φn(p) onverges uniformly to p for eah point
p ∈ K.
Step 2 We show that if a sequene {φn} of isometries in I0(M) satises φn|B → φ
in I0(B), then there exists ψ ∈ I0(M) suh that ψ|B = φ. Sine, by Myers-Steenrod [8℄
and Bagaev-Zhukova [1℄, both I0(B) and I0(B) have strutures of Lie groups, they an be
endowed with a Riemannian metri. By the Cauhy riterion, φn|B onverges in I
0(B)
φn|B(φ
m|B)
−1
onverges to idB as m,n →∞. Step 1 tells us that φn(φm)−1 onverges to
idM as m,n→∞. That is, φn onverges to some ψ ∈ I0(M) suh that ψ|B = φ. 
As an immediate orollary of Proposition 2.2 and Fat 1.3, we obtain
Theorem 2.1. The isometry group I(Mn) has a struture of Lie group of dimension
at most n(n − 1)/2.
3 Proof of Theorem 1.1
LetM be a Riemannian manifold satisfying the ondition of Theorem 1.1 in this setion. By
Proposition 2.2 and Fat 1.2, the isometry group I(B) of eah omponent B of ∂M attains
the maximal dimension n(n−1)/2, so B is isometri to either Sn−1 or RPn−1 with onstant
setional urvature 1. If n = 2, the ∂M onsists of irles. But our argument later also goes
through in this ase.
Suppose that there exists a omponent B isometri to the sphere Sn−1. By the proof
(see pp. 46-47 in [5℄) of Fat 1.2, G := I0(M) is isomorphi to SO(n) and its ation on B is
just the linear ation of SO(n) on Sn−1. We may identify G with SO(n), B with Sn−1 up
to a saling of metri. Remember that G ats transitively on Sn−1 and the isotropy group
Gx at eah point x of S
n−1
is isomorphi to H := SO(n − 1). Here we use the notation
in the proof of Proposition 2.1. Choose a positive number >
.
0 suh that the map γ(·, t)
is a dieomorphism of B onto a hypersurfae Bt in Int(M) for eah t ∈ (0, ℄
.
. Sine the
G-ation interhanges with γ(·, t), G leaves eah Bt invariant. We laim that the G-ation
on M has the prinipal orbit whose type is SO(n)/SO(n− 1). Remember that the union of
the prinipal orbits of type dierent from G/H forms an open and dense subset of M. For
the detail of this, see Theorem 4.27 in pp. 216-220 of Kawakubo [4℄, where only manifolds
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without boundary are onsidered. But Theorem 4.27 in Kawakubo [4℄ also holds for our
ase by virtue of the map γ(·, t). The laim follows from that the union M(H) of orbits
with type G/H ontains the open subset ∪
t∈[0,℄
.
Bt in M. Therefore, every omponent of
∂M is isometri to Sn−1. By Theorem 4.19 (pp. 202-203) and Theorem 4.27 in Kawakubo
[4℄, the orbit spae M(H)/G is a onneted smooth 1-manifold, whose boundary oinides
with the orbit spae ∂M/G. Hene, ∂M has at most two omponents. We also have the sim-
ilar argument when ∂M has a omponent isometri to RPn−1. Summing up, we have proved
Lemma 3.1 ∂M has at most two omponents, eah of whih is isometri to either
Sn−1 or RPn−1. Moreover, if ∂M has two omponents, then the two omponents are
isometri up to a saling of metri.
Lemma 3.2 Let ∂M have two omponents. Then M is dieomorphi to either Sn−1×
[0, 1] or RPn−1× [0, 1]. If M is dieomorhi to Sn−1× [0, 1], then there exists a positive
number T and a positive smooth funtion f(t) on [0, T ] suh that the Riemannian metri
gM on M an be expressed by
gM = dt
2+ f2(t)gSn−1 .
The similar statement holds for M dieomorphi to RPn−1× [0, 1].
Proof. We only prove the ase that both the two omponent of ∂M are isometri to Sn−1.
By the proof of Lemma 3.1, the orbit spae M(H)/G is a losed interval. On the other
hand, the orbit spae M(H)/G is a dense subset in the total orbit spae M/G. Therefore,
M = M(H), i.e. all the orbits of G-ation on M is of prinipal type. So M is a smooth
ber bundle with ber Sn−1 over a ompat interval. Atually M is dieomorphi to the
produt of Sn−1 and a ompat interval.
We use the notation in the proof of Proposition 2.1 in what follows. Let B and B ′ be
the omponents of ∂M. The two spheres B and B ′ may have dierent size. Choose a point
p ∈ B. Then we laim that the geodesi γ(p, t) with initial veloity np terminates at some
point p ′ ∈ B ′ and with the ending verloity np′ at a positive time determined later. Indeed,
hoosing p ′ ∈ ∂M suh that d(p, B ′) = d(p, p ′) =: T(p), we an nd a geodesi between p
and p ′ whose length is T(p). It is lear that this geodesi is perpendiular to the boundary
∂M at p ′. It also is perpendiular to ∂M at p. Otherwise, we an nd another point q on
B and a path ℓ onneting q and p ′ of length less than T(p). Choosing an element α ∈ G
mapping q to p, we obtain a path α(ℓ) onneting p and α(p ′) ∈ B ′ of length less than
T(p). Contradition! Therefore, this geodesi is exatly the one {γ(p, t) : t ∈ [0, T(p)]} in
the laim. We laim again that T(p) equals the distane T bewteen B and B ′. Atually,
there exists p0 suh that the geodesi γ(p0, [0, T(p0)]) satises
T(p0) = d
(
p0, γ(p0, T(p0)
)
= d(B, B ′).
But G ats transitively on the set of geodesis
{
γ
(
p, [0, T(p)]
)
: p ∈ B
}
of geodesis onneting B and B ′, whih implies that these geodesis have the same length
T . So eah point p in B has the same distane T to B ′.
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We laim that the map γ(·, t) : B→M is a dieomorphism of B onto the hypersurfae
Bt for eah t ∈ [0, T ]. Similarly as the preeding paragraph, this map is sujetive. It is also
injetive. Otherwise, there exists 0 < T ′ < T and two distint points p1 and p2 in B suh
that γ(p1, T
′) = γ(p2, T
′) =: q. Then we get a urve γ(p1, [0, T
′])∪γ(p2, [T
′, T ]) irregular
at point q with length T onneting B and B ′. Contradition. Sine this map is equivariant
with respet to the G ations on B and Bt, every point of Bt is a regular point of the map by
the Sard theorem. Combining above, we know that the map γ(·, t) : B→ Bt is one-to-one,
onto and its dierential does not degenerate. That is, it is a dieomorphism.
Then we show that any two geodesis in the set
{
γ
(
p, [0, T ]
)
: p ∈ B
}
are equal if they
interset. Suppose that there exists distint points p1, p2 ∈ B and positive times t1, t2 in
(0, T) suh that γ(p1, t1) = γ(p2, t2). Then by the argument in the preedent paragraph
we know t1 6= t2, say t1 < t2. Then the pieewise smooth urve γ(p1, [0, t1])∪γ(p2, [t2, T ])
onneting B and B ′ has length t1+ (T − t2) < T . Contradition.
The statements in the last two paragraphs shows that the map
γ(·, ·) : [0, T ]× B→M, (p, t) 7→ γ(p, t)
is a dieomorphism. Moreover, sine G leaves eah hypersurfae Bt invariant and ats iso-
metrially and eetively on it, Bt is a sphere with onstant setional urvature. Therefore,
the Riemannian metri gM of M an be written by gM = dt
2+f2(t)gSn−1 for some positive
smooth funtion f(t) on [0, T ]. 
Lemma 3.3 If ∂M is onneted, then ∂M must be isometri to the unit sphere Sn−1.
Proof. Suppose that ∂M is isometri to the real projetive spae RPn−1 with the onstant
setional urvature and n ≥ 3. Then n should be even sine RPeven does not bound
by the unoriented obordism theory (see pp. 52-53 in Milnor-Stashe [8℄). Denote by G
the identity omponent of the isometry group of M. Sine dim G = n(n − 1)/2, G is
isomorphi to SO(n)/{±1} and its ation on the boundary RPn−1 is indued by the linear
ation of SO(n) on Sn−1. Moreover, the isotropy subgroup H := Gp at eah point p on
∂M is isomorphi to SO(n− 1). Following the proof of Lemma 3.1, the G ation on M has
prinipal orbits of type G/H = RPn−1. Denote byM(H) the union of prinipal orbits. Then
the orbit spae M(H)/G is dieomorphi to the interval [0, 1). Sine M(H)/G is dense in
the total orbit spae M/G, for the G ation on M, there exists only one orbit G/J other
than the prinipal ones. We all the orbit G/J the exeptional orbit. It is this orbit G/J
that orresponds to the endpoint 1 of the orbit spae M/G. Sine H an be thought of as a
proper subgroup of J in the sense of onjugay, the Lie algebra J of J ontains a subalgebra
isomorphi to so(n− 1). Simple omputation shows that J is isomorphi to either so(n) or
so(n − 1).
Case 1 If J is so(n), then J equals G. This means that topologially M is the one of
RPn−1, whih does not have the struture of a manifold. Atually, the one of RPn−1 is
homeomorphi to the orbifold Dn/{±1} the boundary RPn−1. Contradition.
Case 2 If J is isomorphi to so(n− 1), then the exeption orbit G/J is a submanifold of
odimension 1 in M. So the G ation on G/J is also eetive. Sine G attains the largest-
possible dimension n(n − 1)/2, G/J is isometri to RPn−1 by Fat 1.3, whih implies that
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G/J is also a prinipal orbit. Contradition. 
Lemma 3.4 If ∂M is isometri to the sphere Sn−1, then M is homeomorphi to either
Dn or RPn\U, where U is an n-dimensional open disk suh that its losure U in RPn
is homeomorphi to the losed unit ball Bn ⊂ Rn.
Proof. We use the notation in the proof of Lemmas 3.1-3. Remember that G = SO(n)
and H = SO(n − 1). By the similar argument in the proof of Lemma 3.3, there exists only
one orbit G/J (alled the exeptional orbit) other than the prinipal orbits among all the
orbits of the G ation on M. Also by the argument in the proof of Lemma 3.3, we know
that either J is SO(n) or J ontains a subgroup of nite index and isomorphi to SO(n− 1).
Case 1 If J is SO(n), then M is homeomorphi to the losed unit disk.
Case 2 If SO(n − 1) is a subgroup of J of nite index, then the exeptional orbit G/J
is a submanifold of odimension 1 in M. Hene G ats eetively on G/J. Sine ∂M is
onneted, G/J has to be isometri to RPn−1 by Fat 1.3. Therefore, M is homeomorphi
to the mapping one Sn−1 × [0, 1]/ ∼, where the equivalent relation ∼ on Sn−1 × [0, 1] is
dened by (x, 1) ∼ (−x, 1) (see p. 13 for the onept of mapping one in p. 13 Hather [3℄).
Clearly M is also homeomorphi to the puntured real prjetive spae RPn\U. 
Lemma 3.5 If M is homeomorphi to the n-dimensional losed disk Dn, then there
exists a point O in the interior of M and a positive number R > 0 suh that the
exponential map expO at O is a dieomorphism of the losed ball entered at the
origin 0 ∈ TOM and of radius R in TOM onto M. Moreover, the Riemannian metri
gM of M is rotationally symmetri with respet to O so that it an be expressed by
gM = dt
2+ϕ2(t)gSn−1 ,
where the funtion ϕ : (0, R]→ (0, ∞) is smooth, ϕ(0) = 0, and
ϕ(even)(0) = 0, _ϕ(0) = 1.
Proof. We use the notation in the proof of Theorem 2.1 and Lemma 3.4. Denote by B
the boundary ∂M. We know that B is a sphere of onstant setional urvature. By the
proof of Lemma 3.4, there exists a unique xed point O ∈ Int(M) of the G ation on M.
The G ation on the tangent spae TOM at O gives an isomorphism of G onto the speial
orthogonal transformation group SO(TOM) of the Eulidean spae TOM. We denote by
B(0, r) the set of tangent vetors of length < r at O, and by S(0, r) the set of tangent
vetors of length r at O. We also denote by S(r) the set of points in M with distane r to
O, by exp the exponential map at O.
Choose a point p ∈ B suh that d(O, p) = d(O, B) =: R. Then there exists a unit
tangent vetor V0 at O suh that p = exp (RV0), and the geodesi exp (tV0), t ∈ [0, R], is
perpendiular to B at p. Choose an arbitrary unit tangent vetor V at O. We laim that
the geodesi exp (tV), t ≥ 0, meets the bounadry B perpendiularly at time R. Atually,
hoosing an isometry α ∈ G suh that the dierential dα at O maps V0 to V , we nd that
the geodesi expO (tV), t ∈ [0, R], is the image of the one exp (tV0), t ∈ [0, R], under the
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isometry α. Sine G ats transitively on B, for eah point p ∈ B, there exists V ∈ S(0, 1) suh
that exp (RV) = p. By the uniqueness of the geodesi perpendiular to B at a given point,
we nd that if exp (RV) = exp (RW) for any two vetors V, W ∈ S(0, 1), then V = W. Hene
exp : S(0, R)→ S(R) is a smooth bijetion and there is no ut point of O in the interior of
M. So, exp gives a dieomorphism of B(0, R) onto Int(M). To prove this dieomorphism
an extend to the boundary, by the Gauss lemma, we need only to show that the restrition
of exp to S(0, R) is a dieomorphism onto S(R) = B.
Remember that G ats on both S(0, R) and S(R). Moreover, the exponential map exp :
S(0, R) → S(R) is an equivariant smooth bijetion map with respet to the G ations. By
the Sard theorem, there exists a regular value of exp |S(0,R). On the other hand, by the
equivariant property, all points of S(R) are regular values. That is, the map exp : S(0, R)→
S(R) is a dieomorphism.
The similar statement holds for eah (n − 1) dimensional sphere S(r), 0 < r ≤ R, in M.
So the metri gM of M has rotational symmetry with respet to O. The expression of gM
follows from the argument in pp. 12-13 in Petersen [9℄. 
Remark 3.1We an list losed geodesi balls with suitable radii in the three spaes Rn, Sn
and Hn as onrete examples of the manifoldM in Lemma 3.5. Simultaneously, the geodesi
annuli of these three spaes form examples of the manifold in Lemma 3.4. The manifold
M in our onsideration need not have onstant setional urvature, whose urvature an be
omputed expliitly in terms of the funtion f (see pp. 65-68 in Petersen [9℄). Beause of
the large symmetry on them, this lass of manifolds, inluding geodesi balls in Rn , Sn
and Hn, may be thought of as the simplest lass of ompat Riemannian manifolds with
boundary.
Lemma 3.6We use the notation in the proof of Lemma 3.4. Suppose that M is home-
omorphi to RPn\U. Then we an nd a Riemannian manifold M ′ = Sn× [−T/2, T/2]
endowed with the metri dt2 + f2(t)gSn−1 , where f : [−T/2, T/2] → (0, ∞) is an even
smooth funtion, and an involutive isometry β of M ′ dened by β(x, t) = (−x, −t)
suh that M is the quotient spae of M ′ by the group {1, β}. Here −x means the an-
tipodal point of x in Sn−1. Of ourse, M is dieomorphi to RPn\U.
Proof. First of all, let us forget the Riemannian metri on M. Consider a topologial
model of M | the mapping one Sn−1× [0, 1]/ ∼. Remember that the equivalent relation
∼ means (x, 1) ∼ (−x, 1), where x 7→ −x is the dek transformation of the 2-fold overing
Sn−1→ RPn−1. Then M is the quotient of M ′ := Sn−1× [0, 2] by the group generated by
the involution β of M given by
β(x, t) = (−x, 2− t).
Then we endowM ′ with the indued Riemannian metri fromM. Sine eah isometry of
M an be lifted to two isometries of M ′, M ′ also satises the ondition of Theorem 1.3. By
Lemma 3.2, there exists a positive number T and a smooth funtion f : [−T/2, T/2]→ (0, ∞)
suh that M ′ is dieomorphi to Sn−1× [−T/2, T/2] and the metri gM′ is given by
gM′ = dt
2+ f2(t)gSn−1 ,
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where gSn−1 is the standard metri on the unit sphere S
n−1
. On the other hand, sine the
dek transform β : M ′ →M ′, (x, t) = (−x, −t), is an isometry of M ′, we an see that −x
is atually the antipodal point of x ∈ Sn−1 and f(t) is an even funtion. 
We nally omplete the proof of Theorem 1.1 by ombining all the lemmas in this
setion. 
4 Proof of Theorem 1.2
Let M be a Riemannian manifold satisfying the ondition of Theorem 1.2 in this setion.
Let B be a ompat omponent of ∂M. By Proposition 2.2 and Fat 1.3, the isometry group
I(B) of B has the largest-possible dimension n(n− 1)/2, so B is isometri to either Sn−1 or
RPn−1 with onstant setional urvature. Suppose the former ase holds. Then G := I0(M)
is isomorphi to SO(n) and the isotropy subgroup Gx at eah point x ∈ B is isomorphi to
H := SO(n − 1). By the same argument in the proof of Lemma 3.1, the G ation on M
has prinipal orbit type G/H and ∂M has at most two omponents. We laim that ∂M is
onneted, i.e. ∂M = B. Atually, sine the orbit spae M(H)/G is a onneted smooth
1-manifold, whose boundary oinides with the orbit spae ∂M/G, M(H)/G is a ompat
interval if ∂M have two omponents. Sine the orbit spae M(H)/G is dense in the total
orbit spae M/G, we have M(H) = M and M is dieomorphi to Sn−1× [0, 1]. Contradit
the nonompatness of M. By the same reason, we also have M(H) = M. We have the
similar argument for the latter ase. Summing up, we obtain
Lemma 4.1 M is dieomorphi to either Sn−1× [0, 1) or RPn−1× [0, 1).
Lemma 4.2
(1) Let M be omplete. If M is dieomorphi to Sn−1× [0, 1), then the metri gM of
M an be expressed by
gM = dt
2+ f2(t)gSn−1 ,
where f : [0, ∞) → (0, ∞) is a smooth funtion. The similar statement holds for M
dieomorphi to RPn−1× [0, ∞).
(2) Let M be nonomplete. If M is dieomorphi to Sn−1× [0, 1), then there exists a
positive number T the metri gM of M an be expressed by
gM = dt
2+ f2(t)gSn−1 ,
where f : [0, T) → (0, ∞) is a smooth funtion. The similar statement holds for M
dieomorphi to RPn−1× [0, 1).
Proof. We only prove the ase that M is dieomorphi to Sn−1× [0, 1). We use the no-
tation in the proof of Proposition 2.1 and Lemma 4.1. Choose an arbitrary point q in the
interior ofM suh that the distane of q to the boundary B is D. Cutting M along the orbit
through q of the G ation, we obtain a ompat part M1 dieomorphi to S
n−1× [0, 1] and
a nonompat part dieomorphi to M, on both of whih G ats isometrially. By the proof
of Lemma 3.2, the map γ(·, ·) : B× [0, D]→M1 is a dieomorphism. Sine q is arbitrary,
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there exists T ∈ (0, ∞] suh that the map γ(·, ·) : B × [0, T) → M is a dieomorphism.
Moreover, T is ∞ if and only if M is omplete. 
5 Proof of Theorem 1.3
Sine the ompat transformation group theory annot be applied diretly to isometry
groups of Riemannian manifolds with nonompat boundary, we need new ideas to las-
sify Riemannian manifolds with nonompat boundary whose isometry groups attain the
maximal dimension.
Denote by Gk and Gk, the identity omponents of the isometry groups of R
k
and Hk, re-
spetively. Remember that Gk is the identity omponent of O(1, k) and semisimple for eah
k ≥ 2. However, Gk is the semidiret produt of SO(k) and R
k
, and it is not semisimple for
eah k ≥ 1 (see p. 5 and p. 77 in Petersen [9℄). Let M be a Riemannian manifold satisfying
the assumption of Theorem 1.5 through this setion. By Proposition 2.2 and Fat 1.2, every
omponent of ∂M with the indued Riemannian metri from M is isometri to either Rn−1
or the (n−1)-dimensional omplete and simply onneted Riemannian manifold Hn−1(c) of
onstant setional urvature c < 0. Note that all Hn−1(c)'s, c < 0, have the same isometry
group isomorphi to the semidiret produt of Gn−1 and Z2. Suppose that a omponent of
∂M is isometri to Rn−1. Then I0(M) is isomorphi to Gn−1, whih ats eetively and
isometrially on eah omponent of ∂M. Hene, we nd that eah omponent of ∂M should
be isometri to Rn−1. The similar argument goes through if ∂M has a omponent isometri
to Hn−1(c) for some c < 0.
Lemma 5.1. Eah omponent of ∂M is isometri to either Rn−1 and Hn−1(c) for
some c < 0. Moreover, the omponents of ∂M are mutually isometri up to a saling
of metri.
Lemma 5.2. We use the notation of Proposition 2.1. Let B be a omponent of the
boundary ∂M and p an arbitrary point of B. Let I be the maximal existene interval
of the geodesi γ(p, t) = expp(tnp) perpendiular to B at the initial point p. Then the
map
γ : B× I→M, (q, t) 7→ γ(q, t)
is well dened and gives a dieomorphism of B × I onto M. Consequently, if I is a
ompat interval, then M is dieomorphi to B× [0, 1]; if I is an interval open at the
right endpoint, then M is dieomorphi to B× [0, 1).
Proof. Denote by G the identity omponent of I(M). Then G = Gn−1 if B is isometri to
Rn−1, G = Gn−1 if B is isometri to H
n−1(c) for some c < 0. We only prove the ase where
B is isometi to Rn−1. The other ase an be proved similarly.
Sine G ats transitively on B, we an see that, for every point q ∈ B, the geodesi
γ(q, t) perpendiular to B at the initial point q also has the maximal existene interval
I. We laim that for any two distint points p, q ∈ B, the two geodesis {γ(p, t) : t ∈ I}
and {γ(q, t) : t ∈ I} does not interset at a point x suh that x = γ(p, s) = γ(q, s) for
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some s ∈ I and d(x, p) = d(x, q) = s. Otherwise, we take an element α ∈ G mapping p
to q and the sequene of points pn = α
n(p) goes to the innity of B as n → ∞, whih
implies that the subgroup Γ generated by α is not preompat in G. On the other hand,
sine γ
(
α(p), s
)
= α
(
γ(p, s)
)
, x is the xed point of α. So the isotropy subgroup Gx of the
G ation at x ontains a non-preompat subgroup Γ . Contradit the ompatness of the
isotropy group Gx.
We laim that the subset Bt = {γ(p, t) : p ∈ B} is a Riemannian submanifold isometri
to Rn−1 for eah t ∈ I. By the equality α◦γ(·, t) = γ(·, t)◦α for every α ∈ G, Bt is exatly
an orbit of the G ation, so it is a submanifold ofM. Remeber that the map γ(·, t) : B→ Bt
is surjetive and G-equivariant. By the laim in the preeding paragraph, this map is one-to-
one. Hene, it gives a dieomorphism of B onto Bt. Sine G ats eetively and isometrially
on Bt, the laim follows from Fat 1.3.
The left part of the proof is similarly to that of Lemma 3.2. There also holds that that
for eah (p, t) ∈ B× I
d (B, Bt) = d
(
γ(p, t), B
)
= d
(
γ(p, t), p
)
= t.
And the geodesi {γ(p, t) : t ∈ I} is perpendiular to Bt at point γ(p, t). 
The proof of Theorem 1.3 follows from Lemma 5.2. 
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